Tracing the dynamics of a quantum system using a mesoscopic device is an important topic of interest nowadays. Here we show how a mesoscopic mechanical oscillator steers the dynamics of a coupled two-atom system and gives rise to a two-qubit SWAP gate. We have theoretically studied a generic hybrid atom-optomechanical system where two identical atoms in Λ configuration are trapped inside the cavity and the cavity mode mediates the interaction between the atoms and the mechanical oscillator. Adiabatic elimination of the lossy channels is adopted which in turn gives rise to an effective Hamiltonian that is responsible for a two-atom SWAP gate controlled by the mechanical motion of the oscillator. The validity of the proposal for successful implementation is assessed using presently available experimental parameters.
I. INTRODUCTION
Quantum logic gate is one of the key elements in a quantum computer. The two-qubit gates along with a few single-qubit operations make the necessary building block in quantum computing. Such gates have been extensively studied and implemented in several physical systems, e.g., cavity quantum electrodynamics (QED) [1] , trapped ion [2] , nuclear magnetic resonance [3] , and superconducting Cooper pairs [4] . An array of qubits (like in spin chain) also poses as a suitable platform for scalable quantum computing [5] , while linear optical system based on single photons has been found to be suitable for quantum communication over a long distance [6] .
In all the existing proposals, the interaction between the qubits is often simulated by the aid of an auxiliary quantum system. For example, the quantum controlled NOT gate between two atoms, trapped inside a cavity, is obtained by their interaction with the common cavity mode. In this case, these modes are modelled as a quantum harmonic oscillator, confined to its lowest eigenstates. In this paper, we show that the interaction between two qubits can be mediated by a mesoscopic mechanical oscillator, motion of which is treated classically. Such motion-induced dynamics can give rise to a quantum logic gate. This further paves the way for controlling the quantum dynamics by mesoscopic systems. In this paper, we choose a cavity optomechanical system to demonstrate this main idea.
A cavity optomechanical set up consists of a mechanical oscillator, coupled to the cavity mode through radiation pressure [7] . Such a system can be an ideal platform to investigate the interface of classical and quantum domain, through probing the dynamics of the oscillator by the cavity mode. In fact, a mechanical oscillator of mesoscopic size and with a fundamental oscillation frequency ω m can be an interesting object to observe both the quantum and classical effects, depending upon its ambient temperature T . For example, for T T Q = ω m /k B , * anilkm@iitrpr.ac.in the motion of the oscillator can be explained in terms of laws of classical mechanics [8] . On the other hand, for T < T Q , the oscillator can be prepared in a non-classical state, e.g., a squeezed state [9] or a cat state [10] . It can be cooled to the ground state by using pulses [11] or feedback [12] . The quantum effect like optomechanically induced transparency can also be obtained using an oscillator [13] . However, most of the recent research in such a system focusses on the properties of the mechanical oscillator, as an effect of external manipulation of properties of the cavity mode. In this paper, we consider a hybrid scenario, in which two atoms trapped inside the cavity can be used to perform quantum two-qubit gate, controlled by the motion of the mechanical oscillator. The cavity mode only dispersively mediates the interaction between the atoms and the oscillator. Specifically, we consider two atoms, each with two near-degenerate ground states and one excited state (the Λ configuration), dispersively interacting with a cavity mode in its optomechanical set up. The excited state is adiabatically eliminated so that the ground states of each atom constitute an effective qubit. Such a system has been previously proposed towards implementing quantum logic gates in cavity QED systems [14] . Next, the cavity mode is also adiabatically eliminated so that the effective interaction between the two qubits is governed by the 'mechanical oscillator' dynamics. The radiation pressure coupling between the cavity mode and the oscillator is generally very weak, compared to the oscillator frequency. Despite this fact, we show that the effective interaction strength between the qubits can be arbitrarily enhanced by suitably choosing the relevant detunings. Note that the atomic qubits comprise of the ground states and thereby remain unaffected by the spontaneous emission. Further, as the cavity mode is adiabatically eliminated, its decay also does not influence the gate operation. The gate can be implemented much faster than the decay of the oscillator. This makes our model immune to all sources of decoherence. We emphasize that this model is quite generic and can be extended to the different kinds of optomechanical system as well.
The paper is structured as follows. In Sec II, we describe the model and the derive the effective Hamiltonian arXiv:1608.01978v1 [quant-ph] 5 Aug 2016 for the quantum logic gate. We discuss in Sec. III how the logic gate, particularly the swap gate, can be implemented using this effective Hamiltonian. In Sec. IV, we conclude the paper, with an analysis of the feasibility of this gate operation with the presently available technology.
II. MODEL
We consider a generic model of an optomechanical system, in which the cavity mode interacts with the mechanical oscillator mode through radiation pressure. One of the cavity mirrors can be chosen as the oscillator leading to a linear coupling between the two modes [15] . Alternatively, one could also choose a quadrature coupling, as in the case of the membrane-in-the-middle setup [16] . To keep the interaction generic, we choose the relevant interaction Hamiltonian as
where a and b represent the annihilation operators for cavity mode and the oscillator mode, respectively. Here
∂x n is the relevant coupling constant, where x 0 is the amplitude of oscillation and n represents the order of cavity-oscillator coupling.
We next consider that two identical atoms with three relevant energy levels |g , |f , |e in Λ-configuration are magneto-optically trapped inside the cavity and are interacting with the same cavity mode. The |f ↔ |e transition is driven by a classical pump field with frequency ω p and the Rabi frequency Ω, while the cavity mode a drives the |f ↔ |e transition. The relevant Hamiltonian of the atom-cavity system can be written as
where g i (i ∈ 1, 2) are the atom-cavity coupling constants, ω i αg (α ∈ e, f ) is the frequency difference between the levels |α i and |g i of the ith atom, and H at 0 is the unperturbed Hamiltonian of the two atoms.
The unperturbed Hamiltonian of the joint system can be written as
where ω c is the cavity mode frequency and ω m represents the frequency of the oscillator. The cavity mode is driven by a pump field with amplitude and frequency ω l . In the reference frame, rotating with the pumping laser frequency ω l , one can obtain an effective Hamiltonian using the transformation
The total Hamiltonian then takes the following form:
where
where δ = ω c − ω l is the cavity-pump detuning.
In the interaction picture with respect to the unperturbed Hamiltonian H at 0 of the atom, the Hamiltonian further reduces to
pump ,
where ∆ 1 = ω eg −ω p and ∆ 2 = ω ef −ω c are the detunings of the classical field and cavity mode with respect to the corresponding single-photon transition for each atom. 
A. Effective Hamiltonian
Next we consider that the classical field and the cavity mode have equal single-photon detuning, i.e., ∆ 1 = ∆ 2 = ∆, pertaining to a two-photon (Raman) transition |g ↔ |f . In the large single-photon detuning limit, ∆ Ω, g 1 , g 2 , the excited states of both the atoms can be eliminated adiabatically [14] and each three-level atom can be approximated as a two-level system (or a qubit) comprising of the ground states |g and |f . Therefore, the Hamiltonian can be written as
− a + h.c.
where σ
2) represents a single-qubit operator and we have chosen g 1 = g 2 = g. The first three terms denote the Stark shifts of the joint states of the two atomic qubits.
To obtain an effective coupling between the two atoms, mediated by their coupling to the cavity mode, we next consider that the cavity mode is large detuned from the cavity pump field such that the cavity is not sufficiently populated with photons. We first obtain the Heisenberg equation of motion of the cavity mode a aṡ
In the limits δ Ωg ∆ , g , we can adiabatically eliminate the cavity mode a by substitutingȧ ≈ 0. This results in the following operator identity in the limit δ :
It is important to note that we have neglected the cavity pump field in the above equation. This means that the cavity photon numbers do not change during the timeevolution, i.e., d(a † a)/dt remains negligibly small [17] . This leads to an effective coupling between the atoms through exchange of virtual photons only.
Upon using the above identity in Eq. (9), the Hamiltonian then takes the form
To explore the possibility of the atomic swap gate, we choose the Hilbert subspace of the atomic states |g 1 f 2 and |f 1 g 2 only. In the large detuning regime ∆ Ω, g we assume that δ ≈ ∆ such that δ − ∆ = ξ → 0. In this limit, we retain only the terms, relevant to the above subspace and retain the leading terms in the coefficients B and D in (14) . The above Hamiltonian therefore can be further reduced to the following form:
and1 atom = |g 1 f 2 g 1 f 2 |+|f 1 g 2 f 1 g 2 | is the identity operator in the atomic subspace. In the interaction picture with respect to the oscillator Hamiltonian [the first term in (15) ], the Hamiltonian of the atom-oscillator system can then be written as
(18) The operator X contains a position quadrature term X = (b + b † )/ √ 2, rotated by a time-dependent phase ω m tb † b, relevant to the motion of the mechanical oscillator. At large temperature T T Q , the thermal effect dominates over the quantum nature of the oscillator and its motion can be treated as that of a classical harmonic oscillator, the dynamics of which can then be described as X cl (t) = X cl (0) cos(ω m t). Here X cl (0) is the dimensionless amplitude of the classical oscillation, normalized by the zero-point uncertainty of position x zpf and we have assumed that the oscillator starts its motion from the rest. Therefore, the effective two-atom Hamiltonian finally reduces to
The above form of the effective coupling strength of λ suggests that it can be arbitrarily enhanced by choosing ξ → 0, i.e., by suitably choosing the detunings δ and ∆ of the cavity mode with the pump field and the atomic transition, respectively. In the following, we choose X(0) = 1.
III. QUANTUM SWAP GATE
Clearly, the above Hamiltonian (19) is of the form σ 1 . σ 2 − σ 1z σ 2z , which is known to be the operator for a two-qubit swap gate [18] . It indicates that the twoatom logic gates can be implemented with the help of the motion of the oscillator. The sinusoidal driving field, generated by this motion, leads to a Rabi-like oscillation between the relevant energy levels of the two atoms. To see this, we choose the two-atom basis |g 1 g 2 , |g 1 f 2 , |f 1 g 2 , and |f 1 f 2 . The states |g 1 f 2 and |f 1 g 2 are coupled through the Hamiltonian (19) , while the other two states remain uncoupled. Note that (19) involves only the ground states of the atoms and therefore the dynamics of the relevant states is not influenced by the spontaneous emission. The respective probability amplitudes b 1 and b 2 of these states evolve with time through the following Schrödinger's equations:
To solve, we consider two different configurations of the optomechanical system: (a) One of the cavity mirrors acts as a mechanical oscillator, leading to a linear coupling of the form (1) with n = 1, (b) An oscillator is suspended at a node or an antinode of the cavity frequency inside the cavity, in which case both the cavity mirrors are kept fixed. This leads to a quadratic coupling between the cavity mode and the mirror with n = 2 in Eq. (1). In the former case, the solutions can be analytically obtained as
where λ = λ/ω m and t = ω m t are the coupling constant and the time, respectively, normalized with respect to ω m . Clearly, this implements a swap gate between the two atoms as |g 1 , f 2 ↔ |f 1 , g 2 at a time T 1 (in unit of 1/ω m ), given by sin{λ sin[T 1 ]} = ±1, or
where s ≤ (λ /π) − 1/2 is an integer. As λ increases, the time-scale T 1 of the swap gate decreases [see Fig. 2(a) ]. Further, for a constant λ , T 1 can have only a limited set of possible values, constrained to the upper limit of s.
On the other hand, for n = 2, the Eq. (21) can be 
This will lead to a swap gate at a time T 2 (in unit of 1/ω m ), that follows the equation
We show in Fig. 2(b) , how T 2 , as a solution of Eq. (26) decreases with increase in λ . As λ can be arbitrarily enhanced by choosing ξ arbitrarily small, T 2 can also be made small. This makes the gate operation quite fast: one can obtain a time-scale of 7.87 × 10 −2 /ω m for λ = 20ω m , while the time-scale of decay of the oscillator can be of the order of 10 2 /ω m . This clearly indicates that oscillator damping does not affect the qubit dynamics. It is interesting to note that for large λ , the time-scale does not change substantially with increase in λ . This means that gate operation becomes robust upon variation of the system parameters Ω, g, δ, and ∆.
IV. CONCLUSIONS
Our model of quantum gate can be well implemented using the available experimental parameters. For example, in a linear coupling set up (n = 1) using a torroidal microcavity [19] , the fundamental frequency ω m of the oscillator can be of the order of 2π × 78 MHz (corresponding to T Q ∼ 4 mK). The corresponding coupling constant g = x 0 ∂ωc ∂x | x=0 therefore becomes 3.4 × 10
4
Hz, where x 0 is the amplitude of the oscillation. We have chosen x 0 = 10x zpf , where x zpf = /2mω m is the zero-point uncertainty of the position and m is the mass of the oscillator. Considering the Rabi frequencies for driving the atomic transitions as Ω = g = 1 MHz and the cavity-pump detuning δ ∼ 10 MHz, we can have the effective coupling for the swap gate operation as λ = (2 √ 2/ξ 2 ) × 10 10 . Choosing ξ = δ − ∆ = 2 Hz, we have λ = λ/ω m ≈ 14.42. As seen in Fig. 2(a) , this corresponds to a time for the swap gate operation ∼ 0.125/ω m = 2.5 × 10 −10 s, which is much smaller than all the relevant decay times of the oscillator, cavity, and atomic excited states. Note that for ξ → 0 and δ = 10 MHz, the condition ∆ Ω, g for the adiabatic elimination of excited state of the atom is well satisfied.
Further, we consider a membrane-in-the-middle setup (n = 2) [16] , with a membrane of mass m = 40 ng and ω m = 2π × 134 kHz, corresponding to the zero-point uncertainty in the position x zpf = 1.24 × 10 −15 m and T Q = 6.5µK. If the membrane is placed at a node or an antinode of frequency ω c inside the cavity, the coupling constant can be written as g = x 2 0
. Choosing x 0 = 10x zpf as before, we can have, for a typical set-up, g = 5.65 × 10 −5 Hz [20] . For Ω = g = 1 MHz and δ ∼ 10 MHz, the effective coupling for the swap gate operation becomes λ = 2.26 × 10 6 /ξ 2 Hz. Therefore, this coupling constant can be enhanced to a very large value for ξ → 0. For example, choosing ξ = 1 Hz, we have λ = 2.684, corresponding to a swap gate time ∼ 0.7/ω m = 8.3×10 −7 s.
In conclusion we have proposed a generic model of hybrid atom-optomechanical system to achieve a two-atom swap gate controlled by the motion of a mesoscopic mechanical oscillator. Two identical atoms in their Λ configuration are considered to be trapped inside a cavity and driven, in their two dipole transitions, by an external laser field and the cavity mode, respectively. The cavity mode is also coupled to a mechanical oscillator through radiation pressure force. By adiabatically eliminating the cavity mode and the atomic excited states, we then derive an effective Hamiltonian between the two atoms, that essentially leads to the two-qubit SWAP gate operation. The time scale of the gate operation depends on the effective coupling strength of the oscillator with the atomic system, which can be arbitrarily enhanced by choosing the detunings of the cavity modes with the atomic transition and the cavity pump field. We have shown that the swap gate can be implemented using presently available technology.
